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EON: A Practical Energy-Preserving
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Figure 1. Lambert model (left), the classic “qualitative” Oren—Nayar QON model (center),
and our new EON model (right), all at maximal roughness and the same single-scattering
albedo color. The top and bottom rows show front and side-lit cases respectively. The EON
model compensates for the energy loss of the QON model, producing similar brightness to the
Lambert model combined with the characteristic “flattening” and enhanced backscattering of
the Oren—Nayar model.

Abstract

We introduce the energy-preserving Oren—Nayar (EON) model for reflection from rough sur-
faces. Unlike the popular qualitative Oren—Nayar model (QON) and its variants, our model
is energy preserving via analytical energy compensation. We include self-contained GLSL
source code for efficient evaluation of the new model and importance sampling based on a
novel technique we term Clipped Linearly Transformed Cosine (CLTC) sampling.
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1. Introduction

The original rough diffuse surface reflectance model of Oren and Nayar [1994] has
been highly influential in computer graphics. They noted that real materials do not
necessarily exhibit Lambertian behavior, but instead appear “flatter” with less edge
darkening and lower contrast. To explain this, they introduced a V-cavity—based mi-
crofacet model (in the geometrical optics limit), parameterized by a scalar roughness
parameter ¢ and single-scattering albedo color p, where Lambertian behavior is re-
covered in the 0 — O limit. This exhibits a peak in backscattering at grazing con-
figurations (i.e., when the incident and outgoing photon directions are both almost
parallel to the surface and almost opposite in direction), which aligns with the behav-
ior of real materials. Figure 2 shows examples of the flat and bright appearance of
the various Oren—Nayar models compared to the Lambertian model, caused by this
backscattering.

Oren and Nayar [1994] presented their full model as well as a more approximate
“qualitative” version. The full version (henceforth the full Oren—Nayar model, or
fullON) accounts for both single and double scattering (due to interreflections) on the
microfacet surface. Figure 3 shows the fullON BRDF as the blue curve, where the
backscattering peak is most prominent in the grazing configuration in the upper right
panel.

The cheaper “qualitative” variant of the model—henceforth the qualitative Oren—
Nayar model or QON for short—ignores the double scattering interreflections. We
review the mathematical form of the QON model in Section 2.1. This QON model has
been widely used in the industry as the fullON model is more complex to implement

(a) Lambert (b) fullON

(c) QON (d) EON

Figure 2. Backscattering from smooth (top left) and maximally rough diffuse BRDFs.
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Figure 3. Comparison of the various Oren—Nayar models discussed in Section 1, plotted for
various input and output angles at 80% albedo and 50% roughness (corresponding to BRDF
input parameters o = 7 /4 or r = 1/2 depending on the model). Note that the BRDF values
are multiplied by a foreshortening factor of cos6;, where 0; is the zenith angle of the light
direction. These plots align with those in the article by Fujii [2013], which uses the same
conventions as those in the original paper by Oren and Nayar [1994].

and costly to evaluate (e.g., in MaterialX [Smythe and Stone 2018], OSL [Gritz et al.
2010], MDL [Kettner et al. 2015], and Arnold [Georgiev et al. 2018]).

Both of the original Oren—Nayar models, fullON and QON, are reciprocal but not
energy preserving. Indeed, both models violate energy preservation (i.e., lose energy)
and energy conservation (i.e., gain energy) for certain configurations of directions and
roughness values. In addition, the QON variant (the dark green curve in Figure 3) is
overly bright when backlit and exhibits a subtle discontinuity artifact in the shading,
which appears as a dark ring when rendering a sphere [Fujii 2013].
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A modification to the original models of Oren—Nayar was later proposed by Fujii
[2013], who noted that the fullON model can be reasonably approximated via simple
modification of the coefficients of the QON model (this Fujii QON model is the dot-
dashed bright red curve in Figure 3). This model improves upon QON—incorporating
a tinted interreflection component, eliminating excessive forward scattering, and elim-
inating the dark ring artifact—but still suffers from the energy loss issue of the fullON
and QON models. Fujii thus proposed a second, simplified qualitative model that we
term the Fujii Oren—Nayar model or FON, which we discuss in detail in Section 2.2.
The FON model is the dashed darker red curve in Figure 3. This model was designed
to closely match the shape of the fullON model at lower computational cost while re-
ducing energy loss and fixing the discontinuity artifact. While this model is brighter
than fullON in most cases, it is also energy conserving. However, the FON model still
does not preserve energy and thus still appears to darken for high roughness values
(and thus fails a white-furnace test). Fujii [2013] also presented a numerical compar-
ison of all these models, which matches our Figure 3.! This plot therefore also serves
as a check that our interpretation of the FON model is correct, since the statement of
it was somewhat unclear.

In Section 3 we present an analytical extension to the FON model that is recip-
rocal and explicitly energy preserving (thus passing a white-furnace test), which we
term energy-preserving Oren—Nayar, or EON. EON is the orange curve in Figure 3.
This augments the FON model with a term representing the full multiple-scattering
contribution missing from the other models. It is analytical and straightforward to
implement, and a high-quality fit can be found to its functional form for improved
efficiency. While EON (like FON) is not directly derived from an underlying micro-
physical theory, it provides a more practical model than any of the preceding Oren—
Nayar forms while preserving the qualitative appearance, which is both energy con-
serving and energy preserving (and thus brighter and more visually appealing), while
being as efficient and easy to implement as the existing standard QON model. In
Section 4 we provide an analytical importance sampling scheme for EON that takes
into account the backscattering peak (using a technique we introduce termed Clipped
Linearly Transformed Cosine sampling, or CLTC), significantly improving sample
variance compared to cosine-weighted hemispherical sampling. Figure 4 contains
renders of all of the BRDFs that are featured in Figure 3 for comparison.

"Note, the light green curve Footnote QON corresponds to this footnote in Oren and Nayar [1994]:

Discrepancies caused by the lack of the interreflection component in the qualitative
model can be partially compensated by replacing the constant 0.33 in coefficient A
with 0.57.
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(a) Lambert (b) fullON (c) OON (d) Footnote QON

(e) Fujii QON (f) FON (g) EON (exact) (h) EON (approx)

Figure 4. Visual comparison of the Lambert model to the various Oren—Nayar models.

2. Existing Oren—Nayar Models

2.1.  Qualitative Oren—Nayar (QON)

Oren and Nayar [1994] provided a simplified “qualitative” version of their model
(abbreviated QON), which is cheaper to evaluate and thus more suitable for real-time
use cases. We briefly review here the form and properties of this model, and derive a
novel analytical formula for its albedo.
The QON model takes the form (for incident and outgoing rays w; and w,, respec-
tively)
£y (Wi, wo) = g(Aq + quq(wi,wo)), €))

where p is an RGB color parameter” controlling the overall albedo and the coefficients

Note that RGB color parameters such as p are denoted in bold throughout.
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Ay, By are given in terms of a roughness parameter o

2

o2
A, =1-05———
d o2 +0.33’
2
ag
B,=045—— .
d a2 +0.09

Thus in the limit 0 — 0, f; — p /7, which is the Lambert BRDF. In terms of the
polar angles 6;, 8, of the incident and outgoing rays to the normal and the azimuthal
angles ¢;, ¢,, the term gq(w;, w,) is

Gq(wi,wo) = cost (¢ — ¢,) sinartan 3, )

where® zt = max(z,0), a = max(6;,0,), and 3 = min(6;,6,). Note that the
QON BRDF £ is symmetrical under the interchange w; <+ w,, and thus reciprocal. It
can equivalently be written more compactly in vector form with g = s/t4:

S
£, (wi, Wo) = g <Aq + Bqt) 3)
q

with the term s given by (with normal V)
S =w; wo— (N -w;)(N -wy,) = cos(p; — ¢o) sinb; sinb,

and term 1/t given by

1 fo ifs <0 @
1/max (N -wi, N -w,) ifs>0.

According to Oren and Nayar [1994], the o parameter is technically an angle giving
the standard deviation of the distribution of microfacet angles to the horizontal. We
adopt the range o € [0, 7 /2] as suggested by Fujii [2013].

The left panel of Figure 5 shows a render of an object (the brown shader ball) with
the QON BRDF at 0 = 7/2. The right panel shows a QON white-furnace test (i.e.,
uniform illumination of the p = 1, 0 = 7/2 QON material, at 50 bounces) where,
with an energy-preserving BRDEF, the object would blend into the background and
disappear at infinite bounce count. Clearly the QON model loses a significant amount
of energy. The left panel of Figure 5 shows the subtle “dark ring” artifact near the top
left of the brown shader ball, which was pointed out by Fujii [2013]. This is due to
the lack of continuity of the BRDF as it passes through s = 0.

We can verify this (numerically and analytically) by computing the directional
albedo of the QON model E(w,), which is the energy reflected into direction wj,

3 A notation borrowed from Akenine-Moller et al. [2018].
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Figure 5. QON model single-bounce render and white-furnace test at ¢ = 7/2. The dotted
blue line in the enhanced contrast inset indicates where the subtle “dark ring” artifact occurs.

under uniform illumination. This is given by the following integral of the BRDF w.r.t.
to projected solid angle element dwf, over the positive hemisphere H . of w;:

Eq(wo) = /’H fq(wi7wo) dwz‘J_ =p (Aq + %Gq(wo)) ) (5)
+

where

Golws) = /H G (605, 009) s ©)
+

The integral for G (w,) factors into separate integrals over ; and ¢;:

/2 2
/ sin ; cos 0; sin « tan 3 dﬁi/ cost(p; — o) do;. @)
0 0

The 6; integral breaks into two terms according to whether ; < 6, or 6; > 6, (due
to the definitions of « and (), which are easily evaluated. The ¢; integral reduces to
fi:/r 32 cos ¢; d¢; = 2. The resulting formula for G is

Gq(6,) = sinb, (6, — sin b, cosb,) + ; tand, (1 — sin® 00) ) )

Note that this is undefined at exactly grazing angle 6, = m/2, but the limit is well-
defined: G4(6,) — 7/2 as 6, — m/2. Thus, we have derived an analytical formula
for the directional albedo of the QON model.
Figure 6 shows the directional albedo Eq(wo) as a function of view angle 6,, for
various o roughnesses (the hat on Eq denotes that the albedo is evaluated at p = 1).
The term (E,) = f?—t+ Eq(w,) dw /7 is the average albedo, which can be com-

puted analytically as
- 2 64
(Eq) = Aq + (g - E) By ©
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Figure 6. QON model albedos. Directional albedo E, (left) and average albedo (E,) (right),
assuming p = 1 (the lines are the analytical formula given by Equations 5 and 8, and the dots
are the numerically evaluated integral).

Figure 6 shows the variation of the average albedo <Eq> as a function of o. This
corresponds to the total fraction of incident light energy that is reflected (into any di-
rection) under uniform incident illumination. As was apparent from the white-furnace
test, the QON model suffers from significant energy loss at high o, i.e., does not pre-
serve energy. It also violates energy conservation (i.e., the albedo exceeds 1) for
grazing angles and high o.*

2.2. Fujii Oren—Nayar (FON)

A modification to the qualitative Oren—Nayar model that reduces the dark ring artifact
and avoids violations of energy conservation was proposed by Fujii [2013] (hence-
forth abbreviated FON). This has the same form as Equation 3, i.e.,

s

fr (i, wo) = 2 (AF +BF>, (10)
T tp

but with modified ¢ term (compared to Equation 4), changing the s < 0 behavior,

1 1 if s <0
— = (11)
1/max (N -w;, N -w,) ifs>0

and with modified A, B coefficients written in terms of a roughness parameter 7:
1
T_ 2\,
T+ (3= 3:)7
Br = rAp.

Ap =

In this model, the roughness parameter r is no longer an angle (like the o of fullON
or QON) but instead an interpolation weight in the range r € [0, 1].

*1t can be shown that the fullON model also violates energy conservation near grazing angles, except
at high roughness. It also does not preserve energy.
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Figure 7. FON model albedos: Directional albedo Er (left) and average albedo (EF> (center),
assuming p = 1 (the lines are the analytical formula given by Equations 12 and 13, and the
dots are the numerically evaluated integral). The right panel shows the difference between the
analytical and approximate forms of the albedo given by Equations 13 and 14, respectively.

The directional albedo of the FON model, Er(w,), is given by

B .
Br(en) = p (A + 2 Gr(w0) ) = p Brlis) 12
where (referring to Equation 8)
2
Gr(8,) = Gq(6,) — 3 sin 6,. (13)

This is plotted in the left panel of Figure 7, for the p = 1 case. Note that Ep(w,) — 1
as 0, — 7 /2 (for any roughness r), i.e., the model is energy preserving only at grazing
view angles (and energy conserving at all other view angles). In fact, the coefficients
Ay, By were apparently determined by requiring that Er(7/2) = 1 and Bp = rAp.

Here we provide a good approximation to the function Gr(6,) that is more ef-
ficient to evaluate than the expression in Equation 13 (since the only trigonometric
term is cos 6, which is trivial in local space), given by the sum

4
Gr(6,) ~ ngk(l — cos HO)k, (14)
k=1

with coefficients g as provided in the following table:

9 92 g3 94
0.0571085289 0.491881867 —0.332181442 0.0714429953

The difference between the exact albedo evaluated using Equation 13 and the
approximate albedo evaluated using Equation 14 is less than 0.1% over the whole
angular range, as shown in the right panel of Figure 7.

The average albedo of the FON model, (Ep) = f?—t+ Er(w,) dwlk /7, can be
evaluated as

. 2 28
<EF> = Ap + <3 - 157r> Br. (15)
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Figure 8. FON model single-bounce renders at » = 1, with a directional light and colored
albedo (left), and uniform skydome and white albedo (right).

This is plotted in Figure 7, which shows there is still approximately 20% energy loss
at high roughness values. Figure 8 shows the shaderball render with the FON model at
r = 1 and the corresponding white-furnace test. This model fixes the ring artifact and
also performs better on the white-furnace test, but still loses energy at non-grazing
angles.

3. Energy-Preserving Oren—Nayar Model (EON)

The FON model still suffers from significant energy loss due to modeling only a low
number of scattering events between microfacets. We introduce the energy-preserving
Oren—Nayar model (or EON for short) that fixes this issue by following the energy
compensation approach of Kulla and Conty [2017] for microfacet conductor models,
where the missing energy due to multiple scattering is added back via a compensation
term designed to be reciprocal.

In the EON model, we formulate the total BRDF as the sum of the FON model
BRDF of Equation 10 and a term representing scattering orders not captured by the
FON model:

fEON(Wi7 wo) = fp(wi, wo) + f}Ivns(wi, wo). (16)

The multiple-scattering lobe is a reciprocal function constructed to have a constant
average albedo F, of the form

s oy = T 1—Ep(w)\ [1— Ep(w,)
fF (wu O)_7T<]._<EF>><1_<EA1F>>‘ (17)

The factor F corresponds to the fraction of total energy reflected due to the multiple-
scattering lobe, thus for p = 1 we require that F = 1 — (EF> in order that the average
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Figure 9. EON model single-bounce renders at r = 1, with a directional light and colored
albedo (left) and uniform skydome and white albedo (right).

albedo of the total BRDF equals 1.

To derive a suitable approximate form for F, we follow the approach described
by Jakob et al. [2014] and Kulla and Conty [2017]. We assume that the FON BRDF
corresponds to single scattering only. Then, considering the overall energy balance
at each bounce on the microfacet surface (approximating the incident illumination
in each case as uniform), at each vertex a fraction p of the energy is absorbed, a
fraction (EF) escapes the surface without further interaction (as for single scattering),
and a fraction 1 — <EF> hits the surface again. Thus we can approximate F as the
following geometric series of terms, where the 1-bounce term is omitted since the
single-scattering BRDF accounts for that:

F o= pthey (1 (E0) p(Ee)+ 0> (1 (Br)) p )+
—— PN

1-bounce 2 bounces 3-bounces
1—p (1 — (EF>)

Asp—1,F —-1— (EF> as required. A factor of p? occurs in the numerator, since
the multiple-scattering lobe corresponds only to double scattering and higher order
[Hill 2018; Kulla and Conty 2017]. The final form of the multiple-scattering lobe is
thus:

(19)

175 (wi, wo) = %2 (Er) <1 - EF(M)) (1 ~ EF(OJO)) .

L= p (1 {Br) (1~ ¢Ee))

126


http://jcgt.org

Journal of Computer Graphics Techniques Vol. 14, No. 1, 2025
EON: A Practical Energy-Preserving Rough Diffuse BRDF http://jcgt.org

(a) QOON (b) EON, single scattering only

(c) EON, multiple scattering only (d) EON

Figure 10. Comparison of QON to the single- and multiple-scattering components of EON.

The corresponding directional albedo of this multiple-scattering lobe f5' is

(1 _ Ep(wo))

B (o) = F 1— ()

(20)
Figure 9 shows the shader ball render and white-furnace test with this model at » = 1.
Since F — 1 — (E) as p — 1, the total directional albedo Er(w,) + E2(w,) — 1
also, so the EON model passes the white-furnace test. The EON model also inherits
from the FON model the fix to the ring artifact of QON.

The fi*® term will produce a color shift due to the extra saturation caused by
multiple scattering (as shown on objects with different albedos in Figure 10). This is
physically reasonable, and in practice the extra saturation is only particularly notice-
able in cases with high roughness and high, chromatic albedo. For use cases where
such a color shift is not artistically desirable, the full EON model can simply be eval-
uated with p = 1 (i.e., white) and the result multiplied by the artist-specified color.

Listing 1 gives a self-contained GLSL implementation of the EON model, where
£_eoN returns the BRDF fron(w;, w,) value, and we also provide a function E_EoN
to compute the directional albedo of the EON BRDF.
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const float pi = 3.14159265f;
const float rcppi = 1.0f / pi;

const float constantl_FON = 0.5f - 2.0f / (3.0f » pi);
const float constant2_FON = 2.0f / 3.0f - 28.0f / (15.0f % pi);

float E_FON_exact (float mu, float r)

{
float AF = 1.0f / (1.0f + constantl_FON % r); // FON A coefficient

float BF = r * AF; // FON B coefficient
float Si = sqgrt(1.0f - (mu * mu));
float G = Si % (acos(mu) - Si = mu)

+ (2.0f / 3.0f) % ((Si / mu) % (1.0f - (Si * Si % Si)) - Si);

return AF + (BF % rcppi) * G;
}
float E_FON_approx(float mu, float r)
{
float mucomp = 1.0f - mu;
const float gl = 0.0571085289f;
const float g2 = 0.491881867f;
const float g3 = -0.332181442f;
const float g4 = 0.0714429953f;
float GoverPi = mucomp * (gl + mucomp * (g2 + mucomp * (g3 + mucomp * g4)));
return (1.0f + r * GoverPi) / (1.0f + constantl_FON =* r);

// Evaluates EON BRDF value, given inputs:

// rho = single-scattering albedo parameter
// r = roughness in [0, 1]
// exact = flag to select exact or fast approx. version

// Note that this implementation assumes throughout that the directions are
// specified in a local space where the z-direction aligns with the surface normal.
vec3 f£_EON (vec3 rho, float r, vec3 wi_local, vec3 wo_local, bool exact)

{

float mu_i = wi_local.z; // Input angle cos
float mu_o = wo_local.z; // Output angle cos
float s = dot (wi_local, wo_local) - mu_i * mu_o; // QON s term
float sovertF = s > 0.0f ? s / max(mu_i, mu_o) : s; // FON s/t
float AF = 1.0f / (1.0f + constantl_FON * r); // FON A coefficient
vec3 f_ss = (rho » rcppi) x AF * (1.0f + r x sovertF); // Single-scatter lobe
float EFo = exact ? E_FON_exact (mu_o, r): // FON w, albedo (exact)
E_FON_approx (mu_o, r); // FON w, albedo (approx)
float EFi = exact ? E_FON_exact (mu_i, r): // FON w; albedo (exact)
E_FON_approx (mu_i, r); // FON w; albedo (approx)
float avgEF = AF * (1.0f + constant2_FON * r); // Average albedo
vec3 rho_ms = (rho * rho) » avgEF / (vec3(1.0f) - rho % (1.0f - avgEF));
const float eps = 1.0e-7f;
vec3 f_ms = (rho_ms x rcppi) * max(eps, 1.0f - EFo) // Multi-scatter lobe
* max(eps, 1.0f - EFi)
/ max(eps, 1.0f - avgEF);

return f_ss + f_ms;

// Computes EON directional albedo:
vec3 E_EON (vec3 rho, float r, vec3 wi_local, bool exact)

{

float mu_i = wi_local.z; // Input angle cos

float AF = 1.0f / (1.0f + constantl_FON x r); // FON A coefficient

float EF = exact ? E_FON_exact (mu_i, r): // FON w; albedo (exact)
E_FON_approx (mu_i, r); // FON w; albedo (approx)

float avgEF = AF x (1.0f + constant2_FON * r); // Average albedo

vec3 rho_ms = (rho * rho) » avgEF / (vec3(1.0f) - rho * (1.0f - avgEF));

return rho » EF + rho_ms * (1.0f - EF);

Listing 1. GLSL code for evaluation of the EON model BRDF of Section 3.
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4. Importance Sampling the EON Model

The original Oren—Nayar model is typically importance-sampled using standard cosine-
weighted hemispherical sampling. While this perfectly importance-samples the model
in the zero-roughness (Lambertian) case, it is far from optimal in the high-roughness
case near grazing angles. This is shown by the red curve in Figure 11, which is the
variance of the throughput weight w; = (w; - N) fron/p;(w;) (setting p = 1) for
the EON BRDF when sampled with cosine-weighted hemispherical sampling. The
variance increases by a factor of over 100 at grazing angles compared to normal in-
cidence. This is due to the cosine-weighted sampling greatly underestimating the
PDF of grazing directions generated by the EON BRDEF. Uniformly sampling the
hemisphere produces the dotted black variance curve, which has lower variance than
cosine-weighted sampling at grazing angles, but has higher variance at non-grazing
angles.

Cosine-weighted hemispherical sampling amounts to sampling from the hemi-
spherical distribution function

(WH'N)f

DH(wH) = (21)

An improved importance sampling scheme can be obtained via a technique known as
Linearly Transformed Cosines (LTC) [Heitz et al. 2016], whereby a given direction
vector wy sampled from this clamped cosine lobe is linearly transformed using a

matrix M, yielding w;:>
Muwyg

-~ IMwn|
The resulting lobe can be adjusted to best fit a cosine-weighted target BRDF by vary-

(22)

Wi

ing the matrix coefficients and can be efficiently sampled from via Dy. The PDF of
the sampled direction w; is then given by [Heitz et al. 2016]

M1w; owy
D(w;) =D , 23
where the factor %WT}; is the Jacobian of the transformation from wg to w;:
0 M-!
i _ M7 (24)

Ow; Mt

>Note that we assume the usual convention for unidirectional path tracing, where the direction of the
outgoing ray w, is known, and the incident ray direction w; is the one being sampled. Both the incident
ray direction w; and the outgoing ray direction w, are oriented to point away from the surface, i.e., the
incident ray is in the opposite direction to incident photons, while the outgoing ray is parallel to outgoing
photons. Also note that the sampling would work equally well for the reverse case, when tracing paths
in the direction of light flow.
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Figure 11. Statistics of the throughput weight w; over 10 samples of the EON BRDF as a
function of angle, using the various techniques: variance of the weight (left), the maximum
weight (center), and the mean weight (right).

Rotating azimuthally into a space where the w, direction (of the outgoing ray) has
the form w, = (sin 6,, 0, cos 0, ), we take the LTC transformation matrix to have the
most general form for an isotropic BRDF [Heitz et al. 2016]:

b
0f, (25)
1

QO 2
o o O

where the a, ¢ coefficients stretch the lobe radially in the z-y plane, while the b, d
coefficients shear the lobe in the x-z plane. The coefficients a, b, ¢, d are functions of
the outgoing angle 6, and roughness r. These functions can be adjusted via a fitting
process to make the LTC lobe best match the shape of the cosine-weighted EON
BRDF, to better importance-sample the backscattering peak.

For our fitting we employed Mathematica’s NonlinearModelFit®

in two stages:
first generating a table of best-fit LTC matrices across 1 = cos 6, and r, and then fit-
ting polynomial or rational functions to this data for each of the coefficients. The goal
of this second step was to offer a self-contained and portable form for practitioners by
avoiding the need for a table lookup. The end result is provided by the GLSL function
ltc_coeffs in Listing 2.

One possible simplification is to set the coefficient d = 0, which guarantees that

the sampled directions of the LTC lobe lie in the positive hemisphere [Zeltner et al.

*With the default Aut omat ic method and error function.

void ltc_coeffs (float

mu,

float r,

out float a,
{
1.0f + r+(0.303392f +

out float

(-0.518982f + 0.111709f*mu) *mu +

b,

out float c,

out £

oat d)

(-0.276266f + 0.335918fmu) *r

r+(-1.16407f + 1.15859f*mu +

(0.150815f — 0.150105fmu)

r)/ (muxmusmu - 1.43545f);

)i

1.0f + r*(0.20013f + (-0.506373f + 0.261777f*mu) *mu) ;
r+(0.540852f + (-1.01625f + 0.475392f+mu)+mu)/(-1.0743f +

Q00w

(0.0725628f + mu) *mu) ;
}

Listing 2. LTC lobe coefficients a, b, ¢, d as a function of u = cos 6, and r, for importance
sampling of the EON model.
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Figure 12. Geometry of CLTC importance sampling: (a) The LTC lobe (directions scaled by D(w;))
for a near grazing angle w, and r = 1. We seek to restrict sample directions to the positive half-space
of the x-y plane: w; € Hy. (b) In the untransformed space of Dg, these directions correspond to
wH € 7—[;1, the positive half-space of plane P with normal 7. It follows that we should perform cosine-
weighted sampling of the upper hemisphere clipped by P (shown in green). We achieve this by uniformly
sampling the 2D projection of this subregion on the x-y plane and then (c) reprojecting back onto the
upper hemisphere. (d) Finally, we proceed as usual by applying the linear transform to obtain the sampled

output directions: w; = M wg.

2022]. This produces the “LTC (non-negative)” variance curve in dotted blue in Fig-
ure 11. Unfortunately, while this is an improvement on cosine-weighted and uniform
sampling, it still suffers from high variance at grazing angles, since the PDF is still
very low in this region.

To significantly reduce variance, the more general LTC matrix with a nonzero
d coefficient is required, which produces an LTC lobe that extends below the hemi-
sphere. The variance of this is shown in the “LTC (general fit)” curve in solid blue in
Figure 11. This greatly reduces the variance peak at grazing angles, but generates a
rather spiky variance curve. Also, on sampling from this lobe, directions that are gen-
erated below the hemisphere are effectively wasted as they have a throughput weight
of zero. This is not acceptable for renders at low sample count.

To prevent the generation of samples below the hemisphere, we modify the LTC
sampling to appropriately restrict the sampling domain of the clamped cosine lobe.
We refer to this as Clipped Linearly Transformed Cosine (CLTC) sampling. Figure 12
gives an overview of the method. This produces the CLTC green dashed variance
curves in Figure 11. The idea is that directions w; € H. that lie in the positive
half-space of the z-y plane (Figure 12(a)) correspond to untransformed directions
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wH € 7—[;1 that are in the positive half-space of a plane P (Figure 12(b)). The
(unnormalized) normal to P is’

ip =M1 x Mg =det(M HMT 2. (26)

In the case of our fit, det(M 1) > 0 over all §, and r, so given Equation 26 and the
definition of M from Equation 25, fip oc M7T 2 = (d, 0, 1). As proof that directions
w; remain in the positive half-space under transformation by M—!, it is sufficient to
show that M~! 2 - fip > 0. This is the case since M1 2 - Aip = det(M~!) and, as
previously stated, det(M~1) > 0.

It follows that the wyy region we must sample from is given by the positive hemi-
sphere clipped to the positive half-space of P. In other words, the full hemisphere
with a spherical lune omitted, as shown in Figure 12(b). The opening angle of this
removed lune is angle §p between the plane P and the z-y plane, given according to
the previous description by tan 8p = d.

To sample from the remaining hemispherical subregion with the cosine-weighted
PDF Dy (wpr) applied, we use the Nusselt analog, in which the correct PDF is ob-
tained by sampling uniformly from the projection of this subregion onto the z-y
plane, then reprojecting the sampled 2D point back onto the upper hemisphere (Fig-
ure 12(c)).

Recall that the solid angle element dwy projects to an area element on the z-y
plane given by dA = (wy - N)* dwy. The area-measure PDF p(x) of the pro-
jected points x on the z-y plane must satisfy p(x)d4A = p(wgy)dwy, so p(x) =
p(wy)/ (wg - N)T. Thus, since p(wy) o« Dy (wy), the area-measure PDF is con-
stant and equal to the inverse area of the projected region.

As shown in Figure 12(b), the projected shape to sample from takes the form of a
half-circle (outlined in green) and a half-ellipse (outlined in red) with semi-major axis
1 and semi-minor axis cos 6p = 1/4/1 + d2. The total area of the projected shape is
therefore A = 7 (1 4 cosp). On reprojection, the sampling PDF for the direction
wp is thus given by

(w )_(wH-N)+_ 2 Dy (wrr)
P = T T it B

(Note that as r — 0, d — 0, so the PDF reduces to that of cosine-weighted sampling.)
The final sampled direction w; (Figure 12(d)) is obtained by applying the linear trans-

27)

form of Equation 22, and p(w;) = D(w;) is computed according to Equation 23.
A simple algorithm for uniform-sampling this union of a half-circle and half-
ellipse is given by Heitz [2018], which we provide as GLSL code in Listing 3.

"Using the identity given in Equation 17 of the original LTC paper of Heitz et al. [2016].
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mat3 orthonormal basis_ltc (vec3 w)
{
float lenSqr = dot(w.xy, W.Xy);
Y X = lenSqgr > 0.0f ? vec3(w.x, w.y, 0.0f) » inversesqrt(lenSqr) : vec3(1,0,0);
v Y = vec3(-X.y, X.x, 0.0f); // cross(Z, X)
return mat3(X, Y, vec3(0, 0, 1));

}

vecd cltc_sample (vec3 wo_local, float r, float ul, float u2)
{
b, ¢, d; ltc_coeffs(wo_local.z, r, a, b, ¢, d); // Co
sgrt (ul); float phi = 2.0f » pi * u2; // CLTC
R * cos(phi); float y = R * sin(phi); // C
= 1.0f / sgrt(dxd + 1.0f); // C
0.5f » (1.0f + wvz); // C
sgqrt (1.0f - y*y), x, s); // C
3(x, y, sqrt(max(1.0f — (xxx + y+y), 0.0£))); //
float pdf_wh = wh.z / (pi * s); //

wi = vec3(axwh.x + b*wh.z, cxwh.y, dsxwh.x + wh.z); // M wp (unnormalized)

t len = length(wi); /) IMwgll =1/IM~Ywgll
t detM = c*(a - bxd); // | M|
at pdf_wi = pdf_wh * lenxlenxlen / detM; // s

mat3 fromLTC = orthonormal basis_ltc(wo_local); //
wi = normalize (fromLTC % wi); //

return vec4 (wi, pdf_wi);

}

float cltc_pdf (vec3 wo_local, vec3 wi_local, float r)
{
mat3 toLTC = transpose (orthonormal_basis_ltc(wo_local)); /) wy —> L
vec3 wi = toLTC » wi_local; /)wg == 1
t a, b, ¢, d; ltc_coeffs(wo_local.z, r, a, b, c, d); // Coeffs.
at detM = cx(a - bxd); // M|
vec3 wh = vec3(cx(wi.x — bxwi.z), (a - bxd)*wi.y, —cx(drwi.x - axwi.z)); // adj(M)w;
t lenSqr = dot(wh, wh); /7 MM ™Y wg |
t vz = 1.0f / sgrt(d+«d + 1.0f); // CL pling £
t s =0.5f » (1.0f + vz); //
/

at pdf = detMsdetM/ (lenSqr+lenSqr) % max(wh.z, 0.0f) / (pi * s); /7
return pdf;
}
~ J

Listing 3. GLSL code for CLTC importance sampling.

The green dashed CLTC curves of variance and maximum throughput weight in
Figure 11 show that this method generates high outliers compared to uniform sam-
pling, which will correspond to fireflies in the render. There is also a slight bias in the
estimator as exhibited in the deviation of the mean throughput weight from 1, since
there are directions where the LTC lobe is zero but the EON lobe is nonzero.

To prevent the variance spikes and bias, we finally combine the CLTC lobe sam-
pling with a uniform hemispherical lobe via one-sample multiple importance sam-
pling (MIS), producing the “CLTC + uniform (MIS)” variance curve in solid green
in Figure 11. With MIS, the maximum throughput weight (center) is smoothed and
reduced, and the throughput weight itself (right) is debiased.

The probability of selecting the uniform lobe as a function of 6, and roughness
was found via optimization. In practice, we minimized the maximum throughput
weight across p = cos 6, for = 1, and then fit a polynomial function to the result.®
Finally, we augmented this with an additional 7°-! term to smoothly transition to the

8 Again using Mathematica’s NonlinearModelFit.
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vec3 uniform_lobe_sample (float ul, float u2

{
float sinTheta = sqgrt(1.0f - ulwxul); float phi = 2.0f % pi % u2;
return vec3(sinTheta % cos(phi), sinTheta * sin(phi), ul);

}

// Samples (via CLTC) from EON BRDF, given inputs:
// = single ttering albedo parameter
// wo. = direction of outgoing ray (directed away from vertex
// = roughn s in [0, 1]
// ul, u2 = IID uniform random numbers in 0,1]
// Returns vecd (vec3 (wi ocal), pdf)
vec4 sample_EON (vec3 wo_local, float r, float ul, float u2)
{
float mu = wo_local.z;
= pow(r, 0.1f) * (0.162925f + (-0.372058f + (0.538233f - 0.290822fmu) *mu) *mu) ;
t P_c = 1.0f - P_u; // Probability of CLTC sample

vecd wi; float pdf_c;

if (ul <= P_u) {
ul = ul / P_u;
wi = uniform lobe_ sample (ul, u2); // Sample
pdf_c = cltc_pdf (wo_local, wi.xyz, r); } // Evaluat

i from uniform lobe
CLTC PDF at wi

ul = (ul - P_u) / P_c;
wi = cltc_sample (wo_local, r, ul, u2); // Sample wi from CLTC lobe
pdf_c = wi.w; }

const float pdf_u = 1.0f / (2.0f * pi);

wi.w = P_uxpdf_u + P_cxpdf_c; // MIS PDF of wi

return wi;

}

// PDF cor ponding to the above sampling routine
float pdf_EON(vec3 wo_local, vec3 wi_local, float r)
{
float mu = wo_local.z;
pow(r, 0.1f) % (0.162925f + (-0.372058f + (0.538233f - 0.290822fmu) «mu) ~mu) ;
1.0f - P_u;
float pdf_c = cltc_pdf (wo_local, wi_local, r);
const float pdf_u = 1.0f / (2.0f * pi);
return P_uxpdf_u + P_cxpdf_c;

float P_u

float P_c

Listing 4. GLSL code for importance sampling of the EON model, as in Section 4.

Lambertian case as 7 — 0. Listing 4 gives the complete GLSL implementation.

Figure 13 shows how the variance and maximum throughput weight of the al-
gorithm of Listing 4 vary as a function of the roughness parameter r, compared to
regular cosine-weighted sampling (note that the throughput weight is 1 at » = 0 for
both cosine-weighted and CLTC sampling).

As r — 0, both methods produce zero variance and throughput weight (since
our algorithm reduces to cosine-weighted sampling in the zero roughness limit). At
nonzero roughness, our method produces both variance and maximum throughput
whose peaks are much lower than the grazing peaks for cosine-weighted sampling.

Figure 14 shows the variance reduction of CLTC sampling versus cosine sampling
in renders at high bounce count and low sample-per-pixel count.

Table 1 shows timings for the various BRDFs discussed, as nanoseconds per
BRDF evaluation or sampling invocation (where the sampling time includes the time
to evaluate the BRDF in the sampled direction also). The profiles were computed by
porting the GLSL implementations of the BRDFs to C++ using the GLM library [G-
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Figure 13. The effect of the roughness r on the variance (left) and maximum throughput weight
(right) (of 10 samples) of our CLTC (plus MIS with uniform) sampling method, compared to
traditional cosine-weighted sampling.

Truc Creation 2024] and compiling with maximum optimizations enabled. Timings
were performed on a single thread of an AMD 3970X, averaged over several billion
samples (using random roughness values, albedo values, and input directions).

Unsurprisingly, the Lambert model BRDF is unbeatably fast to evaluate, while
the fullON method is slowest. The exact EON BRDF is about 1.3 x faster to evaluate
than fullON, and approximate EON is about 7 faster.

The QON and FON variants are faster to evaluate than EON, but, as discussed,
they suffer from energy loss and artifacts that render them impractical. The CLTC
sampling of the approximate EON model takes roughly twice as long as cosine sam-
pling of the same model (and roughly the same time as cosine sampling of the fullON
model).

However, as discussed above (see Figure 13), the variance reduction of the CLTC
sampling method exceeds a factor of 100 at grazing angles, thus the time to reach a
given noise level will be greatly reduced.

BRDF Eval (ns) Cosine Sample (ns) CLTC Sample (ns)
Lambert 1.4 67.2 —

FON 6.3 67.2 —

QON 6.3 67.4 —

fullON 141.7 211.218 —

EON (approx) 20.8 105.8 217.0

EON (exact) 108.7 193.5 297.0

Table 1. BRDF evaluation and sampling timings.
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Figure 14. EON model at maximal roughness (r = 1), rendered with traditional cosine-

weighted sampling (left) and our CLTC sampling (right), with 50 samples per pixel and 50
bounces. The variance reduction of CLTC sampling produces a significantly smaller amount of
noise and fireflies than cosine-weighted sampling.

5. Conclusion

In this paper we have introduced the energy-preserving Oren—Nayar model (or EON),
a new variant of the classic model of Oren and Nayar [1994], that addresses many of
the practical limitations of the original. We consider the EON model to be more prac-
tical than other existing variants of the Oren—Nayar model because it is energy pre-
serving, reciprocal, artifact-free, easy to implement, and efficient to evaluate, making
it a strong candidate for use in production rendering applications.

We also provided a practical importance sampling scheme for this model, based
on a Linearly Transformed Cosine (LTC) lobe. We introduced Clipped Linearly
Transformed Cosine (CLTC) sampling to prevent negative hemisphere sampling, and
combined this with uniform hemispherical sampling via MIS to achieve a much lower
variance and maximum throughput weight than standard cosine-weighted sampling
(as illustrated in Figure 14).

For these reasons it has been chosen as the rough diffuse model used in the pro-
posed industry standard OpenPBR {iber-shader specification [Andersson et al. 2024].

The full source code presented in the listings can be downloaded from GitHub
[Portsmouth et al. 2025].
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Future Work. The overall shape of our new BRDF is influenced by the underlying
assumptions of the Oren—Nayar model. It would be interesting to compare to alterna-
tive physically based models, especially the recent Lambertian sphere [d’Eon 2021]
and VMF diffuse [d’Eon and Weidlich 2024] models, which are based on the scat-
tering from a collection of spherical Lambertian particles. We note here though that,
as far as we are aware, those models are not explicitly energy preserving, are consid-
erably more computationally intensive to evaluate than EON, and do not come with
an importance sampling scheme more sophisticated than cosine sampling. Indeed,
the CLTC sampling scheme developed here could possibly be repurposed to provide
improved importance sampling for these models.

Future refinements to the EON model itself could include better aligning our new
model with an underlying microfacet model. This could allow more physically accu-
rate color shifting by separating the single, double, and higher-order scattering com-
ponents, with a more physically accurate shape for the multiple-scattering lobes.

While this paper focuses on the Oren—Nayar family of diffuse BRDFs, the broader
question of how best to model the appearances of the wide variety of real-world dif-
fuse materials remains open, requiring a balance between fidelity and practical consid-
erations such as usability and computational cost. We encourage additional research
to refine these tradeoffs and further advance physically based diffuse reflectance mod-
eling.
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